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1 Introduction

A well-known result of Coifman, Rochberg and Weiss [1] states that the commutator operator
C¢l9) =T(f-g9) — f-T(g) (where T is a Calderén Zygmund singular integral operator) is
bounded on some LP(R™),1 < p < oo, if and only if f € BMO. There are other links between
the boundedness properties of the operator C'y and the smoothness of f. A particular case of
Janson’s [2] result states that Cy : LP(R™) — L?(R"™) is bounded, 1 < p < ¢ < o0, if and only if
f € LipB, B =n(1/p—1/q). Here, Lipf is the homogeneous Lipschitz space determined by the
first difference operator. The operators considered here are the maximal and limiting operators
of the singular integral

Colar 5 1)) = [ P ) Pt 1, 9) s ) 1)

lz—y|>e

* and M = m1 + ma, € satisfies certain

where Pm(a; xz, y) = a(x) - Z\a\<m %a(a) (y)(.’E - y)
homogeneity, smoothness and symmetry conditions. The BMO estimate for these operators has

been obtained by Cohen and Gosselin (see [3]). This paper aims to prove a good A inequality
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for the maximal function C,(a, b; f)(z) = sup.sq |Cc(a, b; f)(z)| if a®), |a] = m; — 1 and
b, In| = ma — 1 belong to the Besov-Lipschitz class Ag. As a direct consequence, the limiting
operator maps LP(R™) to LY(R™) if 1/¢ = 1/p — 28/n.

2 Preliminaries

Throughout this paper we will work in Euclidean space R™. Let a = (ay,...,a,) denote a

multi-index and let |a| = a3 + -+ + «, denote the order of a. If b is a smooth function

on R”, b(®) will denote the partial derivative m. Let P,,(b; x, y) denote the m-th
1 2 n

order Taylor series remainder of b at x expanded about y. More precisely,

(@)
Ealh; 2, ) =t~ S Wy, @)

lal<m

where a! = aglas! - ap! and (z—y)* = (21 —y1)** - - - (5, —yn)*". Let | E| denote the Lebesgue
measure of a measurable set £ C R™. In this paper ) will denote a cube with sides parallel
to the axes and if b is an integrable function on @, mq(b) will denote the average of b over
Q ie., |Q|™* fQ b(z)dzx. Let M f(z) denote the Hardy Littlewood maximal function of f and
M, f(z) = (M(|f]")(z))'/". We also need a variant version of the maximal function M, ,(f)(z)
which was introduced by Muckenhoupt and Wheeden in [4] and defined by

1 1/p
Maol)@) = 10 (o | [Fra)

Chanillo [5] proved the following:

Lemma 2.1 Let p; <p<n/a, and 1/¢=1/p—a/n. Then

1Mo, p, (Fllg < Clifllp- (3)

For 8 > 0, the Lipschitz space Ag is the space of functions f such that

Bl+1

B AP p ()

1A ll4, = sup <
h#0

where Aﬁ denotes the k-th difference operator. Fﬂoo is the homogeneous Triebel-Lizorkin

space. Finally we will let C' be a constant that may vary from line to line.

3 Statements of Results

Let © be homogeneous of degree zero, satisty |Q2(z) — Q(y)| < Clz — y| for |z| = |y| = 1, and
have vanishing moments up to order M — 2 over the unit sphere in R™. Suppose a and b are

functions with derivatives of order m; — 1 and ms — 1, respectively, in Ag, 0 < B <1, and we
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denote [[V™  all; = 30 412, 1 Ha(a)”[\[, and [|[V7™2 704 = 20, 2, ||b(”)|\Aﬁ. Now we

can state our main results.

Theorem 3.1 (Main estimate) For 1 < r < p < oo, there exists o > 0 such that for
0<y<v and A >0

(o € B2 Cua, b 1)) > 3N, 9™ all 5, 19710l Mo, (1)) < 4}

<Cy"

{z €R™: Cu(a, b; f)(x) > A} (4)

Theorem 3.2 If f € LP(R™),1 < p < oo, then the limiting operator C(a, b; f)(x) =

lim._,g Cc(a, b; f)(x) exists almost everywhere and satisfies the estimate
IC(a, b Hllg < CIV™ all i V™27 bl 4, 1L s (5)

when 1/g=1/p—28/n and 1/p > 25/n.

Theorem 3.3 If f € LP(R"), 1 <p < oo, and 0 < 5 < 1/2, then

ICa, b )l gzee < CIV™ all g, IV 5, 1 £l (6)

4 Some Lemmas and Proof of the Theorems

Lemma 4.1 (See [3]) Let b(x) be a function on R™ with m-th order derivatives in LI(R™)
where ¢ > n. Then

1 1/q
P (b; x, y)| < Cpp,nlz —y|™ — b @)|2dt) 7
[Pt @, )] o=o" 3 (Gl o, PO1E) (7)

|a]=m

where Q(x, y) is the cube centered at x with edges parallel to the azes and having diameter
5v/nlz — yl.
Lemma 4.2 (See [6]) (a) For0 < <1,1<¢q< o0,

1 1 1/q
flla. =~ sup ——— —/ flx) —mo(f)|%dx .
1915, %500 (o7 (g [, @) = ma(F)"de)
(b) For0 < 8 <1,1<p< o0,
Il g = || sup e [ 10(o) = ma()da
28,00 A2 || SUP ———5— Tr)—m Tl .
& -€Q |Q|1+ﬁ/n Q ? p

Lemma 4.3 (See [7))  Let Q° C Q. Then mq-(f) = mo(f)| < Clfl;, Q1%

We now turn to the proof of the main estimate (4). Using a Whitney argument we write
{z € R": Ci(a, b; f)(x) > A} as a union of cubes {Q;} with mutually disjoint interiors and

with distance from each @; to R™\ U; Q; comparable to the diameter of Q;. It is now sufficient
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to prove the main estimate for each @);. There exists a constant C' = C(n) such that for
each j the cube Q; with the same center as Q; but with diam(Q;) = C(n)diam(Q;) intersects
R™\ U; Q;. Thus for each j there exists a point zg = z¢(j) € Qj such that Cy(a, b; f)(zo) < A

We now fix a cube @); and assume that there exists a point z = z(j) with
V™ al 5, V™27 0l 4, Map, () (2) < A

(If no such point exists, the result is trivial for ;). Let Qj = Qj and write f = f; + fo where

h=f Xq,;- We now make appropriate estimates on f1 and fy separately.

The f; estimate. We choose a C§° function ¢ such that ¢(x) = 1 for z € Q;, ¢(x)
0 for z ¢ Q;, |(z)| < 1 for all z, and for any multi-index o with |a| < M, (@) ()]

C(diam(QJ—))*M. We note that C' is independent of j. We now define

IN

ap) = P (a0) — X0 mg, (@))% v, ) ()

a!
|a|=m1—1

ber) = Pr 1 (W) = S, ()% . 2) (o).

|a|=ma—1

We note that a, and b, have support in @j. We now estimate the derivatives of order mq — 1

of a,. Let v be a multi-index of order m; — 1. Then

0w = Y G P (a0 X ma, @))% v 2) e ()}

y=p+v |a]=mq1—1

= 3 Gl (10 = X Sme,@)0)i v 2) o).

Y=ptv lae|=m1—1

From Lemmas 4.1, 4.2 (a) and 4.3 we have

Pt (5 (a0 = X mo, @))% i1 2))

la|]=m1—1

my—1— 1 1/a
< Cly — z[m—1-lul Z 10w )l Jow. [a™(t) — mo, (a("))|th)

[nl=m1—1
< Cly — 2™~ v =ta) , 1Q; 1%,

From the assumptions on ¢, we have [p*)(y)| < Cly — 2|7, So for |y| = m; — 1 we have

|a52f) ()| < C”le—laHAﬁ |@j|5/", Since a,, has support in Q;, we finally obtain, for |y| = m;—1,
10 lg < CIV™ ~Lall, @2/, ®)
Similarly, for |y| = mg — 1 we have the estimate

10l < CI9™1b])3,1Q; 1%/, (9)
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We observe that for y € Qj,

Pany (@5 2, 9) = Pony (Pony 105 (), 2)()i 2, y)

= P (P (al) = 30 mo, (6% (), 2)¢(): v, )

laj=mi—1

= Pn,(ay; z, ), (10)

and likewise, Py, (b; @, y) = P, (by; , y). It now follows that for x € @),

Ci(a, b; f1)(x) = Ci(ay, by; f1)(x).

By Cohen and Gosselin’s [3, p. 451] result, for 1/r = 1/p+2/q < 1 we have

{2 €Q;: Cula b fi)(@) > 30}
—[{z € Q;: Culag, byi f)(@) > A}

< C|:||C*(a<p751;\<p; fl)”r}T

< (X 1) (X 1) Il

|a|=m;i -1 |n|=ma—1

C( ) (Hvﬂh 1a||Aﬂ||vm2 1b||AHM257 ( )(Z)>T‘éj|r(2/q+1/p)
< CON A 1G]
< C( ) Q1. .

This completes the estimate on f;.

The fy estimate for € = diam(Qj). Let K = K(n) be a large positive integer depending

only on n. The estimation for fs is split into the two cases diam(Q;) < € < K (n) diam(Q;) and

¢ > K(n)diam(Q;). The case of € < diam(Q;) is ignored since fo has support outside Q. Let
1 « (03

@) =a(w) = Y mg (@) and b(e) =b) -~ 3

la|=my—1 " [n]=m2—1

1

—mg, (b(”))x”
nt

We now set k(x, y) = P, (aj; @, y) P, (bj; z, y) Qz—y)

o=y =2

We now choose zq in Qj with zp € R™\ U Q;, and for z € Q;

Ce(a, b; f2)(x)| = |Cel(ay, bj; f2) ()|
’/x y|>e k(zx, y) — k(zo, y)]fz(y)dy‘ +‘/e<|xy|<ce k(zo, y)fQ(y)dy‘

koo RO+ [ ke wp@sl 02)

e<|zo—y|<Ce

In the last integral we write fo = f — f1 and incorporate the f; part of this integral into the

third integral after enlarging the region of integration to diam(Q;) < |zo —y| < K(n) diam(Q;).
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Here K(n) is chosen to be large enough to ensure that the ball centered at zy with radius
K (n) diam(Q;) contains Qj. We finally obtain
Cola, s @] < | [ lhla, )~ ko, )l fa(w)dy
|z— y\>6

/ ko, ) f()ldy + / k(0. 1)/ (4)ldy
R(z)

R(zo)

+ |Ce(av b; f)(xo)\» (13)

where R(-) denotes the integral region diam(Q;) < |- —y| < K(n) diam(Q;). The last integral
is bounded by A since oy ¢ UQ;. The middle integrals are error terms which we will estimate

later. We now deal with the first integral. We have

k(z, y) = k(zo, y)

, , Qz —y) Q(zo — y)
= Pp, (ajv €, y)sz(bj7 Z, y) {|:,C _ y‘n+M—2 - |.Z‘0 _ y|n+M72}
Qz0 — y)
[P @ 2, ) = P, (053 20, )| P 055 2, 0) iy

Qzo —y)
+ P, (a5 @0, y) [Pm(bj; z, y) — Py (bj; 2o, y)} T — y[ 72

= kl(ﬂf, Zo, y) =+ k'g(ﬂf, Zo, y) + k3(x? Zo, y) (14)
For |x — y| > €, standard arguments imply

Uz —y) Qxo —y) |z — o]

i~ - g <Oy "
We now write
[ ke )] <Z]/ Fi(e 20, ) faly)dy (16)
|lz—y|>€ |lz—y|>e
where
Qz —y) Q(zo — y)
k11($7 Zo, y) = Pm171(aj; €, y)szfl(bﬁ €, y) |:‘.13 — y‘n_._]w_z - |$0 — y‘n+M_2j|7

T —Y)Y (a
kl?(l‘, Zo, y) = ( Z %aﬁ )(y))P’mzfl(ij z, y)
|a]=m1—1 ’

x[ Qz —y) Qo —y) }

|:L._y|n+]\/[—2 |x0_y‘n+M—2 ’

le(xv Zo, y) = Pm171(aj; xz, y)( Z Mby]) (y)>

= m:
[n]=m2—1
X[ Qz-y)  Qz0—y) }
|z — y[r M2 T g — y|n M2 ]
_ (=9 (o (@—9)" ()
kia(z, o, y) = <| Z 1 Y (?J))( Z 1 Tbj (y))

al=my— n|=ma—

X[ Qz—-y)  Uzo—y) }

|x_y|n+l\/f—2 |x0_y‘n+M—2 :
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We estimate these integrals separately. We have

‘/I N k11 (z, wo, y)fQ(y)dy’
omy|>e

. ~ Pm 71(04';‘%» y) Pm 71(b';x7y (y)|
< Cdiam(Q); / L J H 2 J
(J)uﬂbe |z — gyt |z —yma=t e —y[r
- 1 1/q
< Cdiam(Q»)/ 7/ |a(a)(t) —mg; (a(a))|qclt
! lz—y|>€ |a|=m,—1 (|Q($7 y)| Q(z,y) )

- Dy pyage) | @
X Z (|Q(x, y)/Q(m’y)UJ (t) Q, (') dt) dy

_ yyln+1
[n|=ma—1 “T y‘

Replacing mg, (a'®) by mg., y)(a'®) and likewise for b(" and then using an estimate from [8,
Lemma 2.4] we obtain

[ e @] < Tl 97 b, dinm@)1Q,
r—Yy|>e€

< (1-+ 102 (ty)) W
|lz—y|>e

|z — y[n+1 v

The last integral can be estimated as

dlam |Q |25/"Z/V (1+1og (diagfn_(%j)))Qf(y”d

1 Y
6<\zfy|<2”+1e |.’17 —y|”+

Mg

z—y|<2vtl

( v )n+1

0

0 (v +2)? v41 228 é/ , 1/p
z;) CETAC ((2V+1€)n |gc_y‘<2y+1€|f(y)| dy)
Mg, p(f)(2).

N
Il

IN

Q Q

<
Thus we obtain

y (e o, ) fal)dy| < CIT™ ally, [V, Mo o)) < € (47
r—y|[>e€

For the next integral we have

‘/I > Fz(w, zo, y)f2(y)dy’
syl

< / 1a{™) (y) — mq, (a')||Py—-1(bj; z, y)l|z — ol | f(y)|dy
- Ia\ Som—1 & ayl>e |z — y|ntme

¢y @) [ | Paiy ) 0 me @I,
_Ia\ =my—1 ol le—y|>e | |z —y|mT! Iw— n+1

dlam( ;) L
< AR gme 1 B/n
< > — 7l 14,1051

|lal=mi—1
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5 / (14 1og 7410 (y) = ma, (@)1 (v)ldy
=0 e<|oz—y|<2vtHle ‘a’j — y|n+l

o0

L oma—1 (V+2) i1 08
<C Z a”v 2 b”[\ﬁ Z ov(1+8) (2 6)

laj=m1—1 v=0

x (; /| a1 () = ma, () |£(y)ldy)

(2”+16)"

o0

1 mo—1 (V+2)
<C Y. IV, X e

la|=mi—1 v=0

1 / 1/p
v+1 \—f (@) (4)) — (@)y|p
X (2 6) ((2’/+16)n /zy|<2”+1e |CL (y) meo; (a )| dy)

’

1 1/p
v+1 _\208 p
D) ((2u+16)n /|a:y|<2“+15 [f W)l dy)

1 Mo — oo y(l/+2) v 5 _8/n
SCY IV Mo (F)() Y S 2

\a\:ml—l v=0
1 ’ l/p/
() RGN
X Touti1A | a — Moy a d
<|2u+1Qj| g, | (y) = Mguiag, (@) y)
< V™ ally, 197 b5, Mas. o ()(2)
< CyA. (18)

A completely similar argument will give us the same estimate for | f|x7y|>e k13(x, xo, y) fo(y)dy|.

Finally, we note that the same estimate for | fl kia(z, zo, y) f2(y)dy| follows from an

z—y|>e
argument analogous to the above except that both a and b terms must be treated in the way
the a terms were treated above. The details are omitted here.

Returning to (14), we deal now with the second term involving ka(z, zo, y). A similar

argument will apply to the last term involving k3(x, xo, y). We use the following identity (see

[9])

Pml(aj§ T, y) _Pm1(aj§ zo, Y)

(x — xz)® a
= Pm1 (aj; x, xO) + § al Pm17|a|(a§' )7 Zo, y)
0<|al<m, ’

x—x0)®
= Pp,—1(aj; z, x9) + Z (Tpml_|a|(a;a); Zo, Y)
0<|a|<mi—1 ’

_ | I_Z_l (x _aTO)aag‘a) (y). (19)

Each of the three terms above can now be used to write ko (z, 2o, y) as
ka1 (z, zo, y) + ko2 (x, o, y) + k2s(@, 2o, y).

We now estimate each of the corresponding integrals separately. We have
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’/ | ko1 (x, o, y) f2(y)dy
T—yY|>€

Qo —y
= ’/ Py —1(az; , ©0) P, (b5 @, y)|(0—n+M)_2f2(y)dy‘
|z—y|>e Zo y‘
Qx
< C‘/ P,y —1(aj; @, 20) Pry-1(b55 T, y)(o—nﬁ@gh dy‘
|o—y|>e lzo —
1
+C Y -
[n|=m2—1
Qzg—y
X ‘/ P, -1(aj; x, :co)bﬁ")(y)(w - y)"|fo—n+M)_2f2(y)dy‘. (20)
|lz—y|>e Lo y|

The first integral in (20) is majorized by

Pml—l(aj; xz, xO) Hpmz—l(bj; z, y) |f(y)|dy

C _
[ = ol = aolle —ym 2l o=yt = gt

lz—y|>e€

< CIV™allz, V™27 0] 4, Mag, p(f)(2) < CyA. (21)

Each integral in the sum in (20) is majorized by

Py —1(aj; 2, z0) (I @)IIf (v)ldy

|z — 20|z —y[™ 21 |z -yt

Clz — xo]
lz—y|>e

< CIV™ |z V™2 710] 4, Mag, p(f) (2) < CyA. (22)

We note that each of the above estimates follows from the same type of argument used in
estimating the integral with k1o above. We now estimate the integral with koo (z, zo, y). We

have

‘ / kos(z, zo, y) f2(y)dy
lz—y|>e
1
<c Y I

0<]a|]<mi—1

(x — 20)*Q(z0 — y)
‘/u . Pry 1 (@\; 2o, y) Pony—1(bs5 @, y) o — g2 fg(y)dy‘

S Za!%!

0<|a|<mi—1|n|=ma—1

‘/l L P a1 (6 o, )(x_ng)C:(f;ﬂLﬂ_(fo_y)bﬁ”)(y)fz(y)dy‘

=T, + 15,. (23)
We now estimate I5, by breaking up the first remainder. We have
1
I, <C Z a|m — Zp
0<|a|<mi—1 ’

().
y / Py —jal-1(a; 5 o, y) Hsz,l(bj; 2, )1 |f(y)|dy
ja—yl>e | |T0 —y|mTlelt [z —y[m=t Tz =yt
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+C Z 5 Z $|m—xo|

0<lal<mi—=1 " |y|=mi—|al-1

></ Py 1(bj; @, y ’|a(“+”)( YIS (y)ldy
lz—y|>e

o=y
By familiar arguments, each of these integrals is bounded by

o =yl

197 allg, V7 bl Mag, p(£)(=) < CoA.

We now estimate 17, again by breaking up the first remainder. We have

I, <C Z Z a!in!x_xd

0<|a|<mi—1|n|=ma—1

X/ Pr—jo—1(a\; 20, y ’|b<’“ )£ (y)|dy
|lz—y|>e

=yl
re ¥ Y o ¥ Skewl

|£L’0— |m1 |a]—1

aln!
0<|a|<mi—1|n|=ms—1 ly|=m1—|a|—1
+
y / 5" @) 57 ()] 1 W)
lz—y|>e |z — y[n+l

Again by familiar arguments each of these integrals is bounded by

ClIV™ =all, V™27l 4, Mas, p (f)(2) < C.

Wengu Chen

(25)

This completes the estimate of the integral in (23) involving kg (, To, ¥). The same estimate

holds for the integral involving ks3(z, zo, y) by the above argument with the roles of a and b

being interchanged. This now completes the estimate of the first term in (13). To summarize,

we have shown that

‘/l | [k(z, y) — k(zo, y)| f2(y)dy| < CyA.

To complete the fy estimate for diam(Q;) < e < K(n)diam(Q;), it only remains to estimate

the error terms in (13). We will estimate the first error term while the second one is handled

similarly. We have

| o, ) )y
R(z)

Q(zo

:/ | Py (aj; 0, y) Py (b5 2o, y \‘WW )dy
R(x) |zo — yl

P, —1(aj; zo, y) Hsz—l(bj; o, YY) ‘ |f(y)] Y
|zg — y[m—t |zo —y|[m2~t |z —y|m

<
R(x)

+z/

lee|=

mg 1 b]a:rO,y ‘|(l ( )||f( )‘
|z —y|m=—t |z —yl"

dy
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1
M R@)

+
[n|=m

1 1\ ()18 ()1 £ ()]
* Z Z a!_n! /R(m) |z —y[" W (26)

lal]=m1—1 |n|=m2—1

Pm1 1 agaan "b(n) ||f ‘
oo — gl | e =yl

We note that for y € R(z), 1 < % Thus each error term is increased by multiplying

by K (n)diam(Q;) on the outside and increasing the exponent of | —y| under | f(y)| by 1. After
doing so each integral can be estimated by familiar arguments used earlier. Each error term is
majorized by
K(n)IV™ all; V™27 0l Mag, p(£)(2)-

It now follows that the entire error term is majorized by C(n)yA. In summary we have shown
that for any z € Q;, SUD .~ diam(0;) |Ce(a, b; fa)(z)| < CyA+ A

The fa estimate for € > K(n)diam(Q;). Let Q§ denote the cube with sides parallel to the
axes with the same center as Q; and diameter €. Let ac(z) = a(x) =324 2m, 1 imQE (al®))z™
and let b (x) be defined in a similar manner. Let k.(z,y) = Py, (ae; ©,y) P, (be; x, y) miﬁ%

Proceeding as before we have

Cla b f)(2)] < | (. 9) = ko, o)l alw)d| + [ (o, ) f(w)ldy
|z— y|>E e<|z—y|<Ce
S PR A R S Y O Gy

The last integral in (27) is bounded by A since zp € U;Q;. The same estimates hold for the error
terms since diam(Q5) = e. For the first term we must be careful since [z — zo| and diam(Q5)
are no longer comparable. To deal with such terms we select a point z, such that |z —z.| = 2e.
Then € < |x — z9| < 3e. We then write

P, —1(ac; z, 20) = Py —1(ac; @, xc) — Py —1(ac; o, )
T — x9)“
Z %Pml,l,w(aga); Zo, Te). (28)
0<|a|<my—1 ’
The appropriate estimates now hold for each of these terms. For example, the first term in the

first integral in (20) can be estimated as follows.

Q(Qfo — y)
‘/|I y\>€PMI_1(a€; x, -Te)sz—l(be§ xZ, y)mfg(y)dy‘

< O|.Z‘ _ | Pm1—1(ae; xz, Ie) sz—l(be; Z, y) ‘f(y”
- € _ mi—1 _ mo—1 _ n+1
|lz—y|>e |(E ‘TG‘ |£C y| |(E y‘
_ P, (be xz y) |f(y)|
< CIIvm™—1gll; € ﬁ/n( / 2—1\Y%, 4, d )
T N O e e [ [
< OIV™~tall; V™70l 4, Mag, () (2) < CyA. (29)

All the remaining estimates can be handled similarly. Ultimately, for ¢ > K(n)diam(Q;), we

obtain

[ )~k i < 09 (30)
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From (27) it now follows that

sip (el b f)(@)] <A+ OYA (31)
e>K(n) diam(Q;)
The estimates on f, now yield the pointwise estimate C,(a, b; f2)(z) < A+ CyA for all z € Q.
We now choose 7 such that Cyy < 1, where C' is the constant in (31). Then from (11) with
0 =1, we have, for v < g,

[z € Qs+ Cula, by £)(@) > 3N, 9™ ally, 972 bl3, Mo, (F)() < 7}
<|tw e Qs+ Cula, b f1)(@) > 22— O}
+ ]{x €Q;: Cula b fo)(z) > A+ cm}]

<|fr e @+ Cula b 1)) > N}
< OYQy. (32)

This establishes the good A inequality and completes the proof of Theorem 3.1.

Theorem 3.2 now follows from the good A inequality and Lemma 2.1 by a standard good A
argument.

We now turn to the proof of Theorem 3.3. For a cube @ and f € LP(R"™), we decompose
f=fi+ f2 with fi = fxg. We fix a cube Q and x € Q. Let zo be a point on the boundary of
52. We similarly define

%(y)EPml—l@(-)— > émQ(a(a));ywo)w(y),

o) = Py 1 (00) = 3 —ma(0); , w0 ) e(y), (3)

and

A =aly)~ Y mala @)y,

|a|=m1—1
) =by)— 3 %mmb(m)yn. (34)
[nl=m2—1

We now choose a point yy on the boundary of Q We have

1 _
e 00 b )~ ma(Cla. b 1)y
= e [, 10 b 1)~ ma(Cla. b £)ldy
< e [, 1€ b 1)~ O b o)y
2 -
< G /Q Ca, B 1) (w)ldy

g [, 1C@ B )~ €@ b £)wo)ldy

= Jl +J2. (35)
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To estimate the first term Jq, we use the fact that for y € @, C(@, b; f1)(y) = C(ay, by f1)(y)-
If 1/r+2/qg =1/s < 1, then from the previous results, we have

2 S
Ji < |Q|1+25/n [C(ag, by f1)lls |Q|1 Y
2 1-1/s
< gz laellalbe Il Al 1)

C mq— mo— n — S

< g IV el 19l QR QY

. ) 1 Y
< CIF™ all, 197 0, (g [ 15017a)
< CIv™ a5 [V b Mo f (). (36)

To get the estimate of Jo, let

_ - Uy —2)
k(y,2) = P, (@5 Y, 2) Py (b; Z)W' (37)
Then
C(a, b; f2)(y) — C(a, b; f2)(yo) =/ [k(y, 2) = k(yo, 2)] f2(2)dz. (38)
To compute the last integral, we decompose
k(y, 2) — k(yo, 2)
_ - . Qy —2) Qyo — 2)
= P, (@; Y, 2)Pm, (b5 y, 2) [|y — z‘"+M—2 - lyo — Z|n+M—2}
| _ 7 Q(yo — 2)
+ (P (@5 y, 2) — Py (@5 Yo, Z):|P’m2(ba Y, Z)W
_ 7 T Qyo — 2)
+ P, (@5 o, 2) [sz(l% Y, 2) = P, (b5 Yo, Z)} o — 2|7+ M—2
= k1(y, yo, 2) + k2(y, o, 2) + ks(y, vo, 2). (39)
Proceeding as in the proof of Theorem 3.1, we can obtain
| [ by 2) = Koo, 2 Ra(a)de] < CIQPP" (M (o) + M. @)). (40)

For example, the integrals involving k11 and k12 can be estimated as follows.

_ . Qy— =z Qyo — 2
’/n Pmlfl(a; Y, Z)szfl(b; Y, z){ _(Z|n+1\4>—2 - ‘yo _( §|n+1\4)—2}f2(z)dz‘

ly
_ / Py -1(a; y, 2) HPmrl(T); v, 2) | ly = wll ()]
— n ‘y—Z‘ml_l |y_2|m2_1 |y—Z|"+1

< CIV™ a4 IV 015, 1Q1 " diam(Q)

J (14108 (3l2525)) 1£(2)
Z
|z—y|>Cdiam(Q) ly — z|nt1
< CIV™ a3 IV 104, 1QPP ™ M f () (41)
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and
Y—2)%_(a _
‘/n( Z ( a!) at )(2))Pm271(b; Y, 2)
|a|=mq1—1
Qy — 2) Qyo — 2)
) [|y — M2y — ZI”*M*Z}fZ(Z)dZ‘
<y dan©@ / ‘Pmrl(b; v, 2) | @@ @),
B loo|=m —1 ol |z—y|>Cdiam(Q) |y - Z|m2_1 |y — Z|n+1
diam(Q e N
<oy TGy g
lal=m1—1
ly — 2| \ @ (2)[|/(2)]
X 1+ log — dz
/zy>0diam(Q) ( dlam(Q)) ly — 2|+
ma— n 1S (v+2) /., ) -3
< OVl 1QI* | 3 Ez;?(l—ﬂ) (2 +1Cdlam(Q)>
al=mi;—1 v=
1 / (@) (@) [’ 1/r'
x : a'“(z) —mo(a dz
<(2V+1Cd1am(Q))" |z—y|<2”+1Cdiam(Q)‘ ( ) Q( )| )
1 J/ 1/r
X - f(2)|"dz
((2“+1Cd1am(Q))” |Z—y|<2V+1Cdiam(Q)‘ ( >| )
< ClQI [T Lally [V by M, f(a). (42)
So,
J2 < CI9™ a5 IV b5, (M f(2) + M, (), (43)

where 1 < r < oo can be sufficiently close to 1. In summary, we have shown that
Bi+3a < OVl [V, (M) + M £ (2) (a4
Finally, using Lemma 4.2 (b), we obtain

IC(a, b5 f)ll pzs. = < CIUV™ Halli, V™27 Bl 1L -
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